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A graph is an efficient open domination graph if there exists a subset of vertices whose open neighborhoods partition 
its vertex set. We characterize those graphs G for which the Cartesian product GO H is an efficient open domination 
graph when H is a complete graph of order at least 3 or a complete bipartite graph. The characterization is based on 
the existence of a certain type of weak partition of V ( G ). For the class of trees when H is complete of order at least 
3, the characterization is constructive. In addition, a special type of efficient open domination graph is characterized 
among Cartesian products GO H when H is a 5-cycle or a 4-cycle. 
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1 Introduction 

The domination number of a graph G is a classical invariant in graph theory. It is the minimum cardinality 
of a set S of vertices for which the union of the closed neighborhoods centered in vertices of S is the entire 
vertex set of G. Hence, each vertex of G is either in S or is adjacent to a vertex in S. In other words, we 
can say that vertices of S control each vertex outside of S. A classical question in such a situation is: who 
controls the vertices of SI One possible solution to this dilemma is total domination. A set D C V ( G ) 
is a total dominating set of G if every vertex of G is adjacent to a vertex of D. (Hence, vertices of D are 
also controlled by D .) 
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A natural question for a graph G is whether we can find a total dominating set D such that the union 
of the open neighborhoods of the vertices in D is V ( G ) but so that these open neighborhoods also form 
a partition of V(G). The concept has been presented under the names total perfect codes Cockayne 
et al. (1993), efficient open domination Gavlas and Schultz (2002) and exact transversals Cowen et al. 
(2007). In the present work we follow the terminology of efficient open domination, and we say that 
a graph G is an efficient open domination graph if G has a total dominating set D such that the open 
neighborhoods of the vertices of D form a partition of V ( G ). A similar concept for ordinary domination 
was first investigated by Biggs (1973) and Kratochvfl (1986). They call a graph 1-perfect if it contains a 
perfect code, that is, a set of vertices whose closed neighborhoods partition the vertex set. 

The problem of establishing whether a graph G is an efficient open domination graph is an NP- 
complete problem; see Gavlas et al. (2003); McRae (1984). Gavlas et al. (2003) gave a recursive char¬ 
acterization of the class of efficient open domination trees. Gavlas and Schultz (2002) presented various 
properties of efficient open domination graphs. The efficient open domination graphs that are also Cayley 
graphs were studied by Tamizh Chelvam and Mutharasu (2012) and efficient open domination grid graphs 
by Cowen et al. (2007); Dejter (2008); Klostermeyer and Goldwasser (2006). Moreover, Abay-Asmerom 
et al. (2008) characterized those direct product graphs that are efficient open domination graphs. 

Several graph products have been investigated in the last few decades and a rich theory involving the 
structure and recognition of classes of these graphs has emerged Hammack et al. (2012). The most studied 
graph products are the Cartesian, strong, direct, and lexicographic. These four are also called the standard 
products. One approach to graph products is to deduce properties of a product with respect to (the same) 
properties of its factors. See a short collection of these types involving total domination and perfect codes 
in Dorbec et al. (2006); Gravier (2002); Henning and Rail (2005); Ho (2008); Jerebic et al. (2005); Klavzar 
et al. (2006); Kuziak et al. (2014a,b); Mekis (2010); Rail (2005). The domination related questions on 
the Cartesian product seems to be the most problematic among the standard products. We just mention 
Vizing’s conjecture, which says that the domination number of a Cartesian product is at least the product 
of the domination numbers of the two factors. Settling this conjecture is one of the most challenging 
problems in the area of domination (see the recent survey on Vizing’s conjecture Bresar et al. (2012)). 
Efficient open domination is no exception, which could be the reason it has not been studied intensively 
yet in the Cartesian product setting. Other than the results on grid graphs mentioned above, a step forward 
in this direction was made only recently by Kuziak et al. (2014b) where some special types of Cartesian 
products were considered. In the same paper complete descriptions of efficient open domination graphs 
among lexicographic and strong products of graph were given. 

The aim of this paper is to show how the problem of finding efficient open domination graphs among 
Cartesian products can be approached by partitioning the vertex set of one factor. In the next section we 
set the context by supplying needed definitions and previous results in this area. In Section 3 we prove that 
for r > 3, the graph G □ I\ r has an efficient open dominating set if and only if V (G) has a weak partition 
that satisfies certain properties. This provides a way to construct graphs with efficient open dominating 
sets in this family of Cartesian products. In addition we give a structural characterization of the trees T 
such that T □ K r has an efficient open dominating set. Section 4 addresses this weak partition approach 
to graphs of diameter 2. 
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2 Definitions and previous results 

Throughout the article we consider only finite, simple graphs. For most common graph theory notation 
and definitions we follow the book by Hammack et al. (2012). In particular, our definitions and notation 
for open (N(v)) and closed (IV [u]) neighborhoods of a vertex v, for distance (dc{u, v)) between a pair of 
vertices and for the diameter (diam(G)) of a graph are the same as theirs. The distance dc;(e, v) between 
an edge e and a vertex v in G is the shortest distance between v and the two end vertices of e, while the 
distance do(e i, e 2 ) between edges e\ and ei is the shortest distance between the end vertices of ei and 
the end vertices of ei- In general, for nonempty subsets P and () of V (G), the distance da ( P. Q) between 
them is the shortest distance between a vertex from P and a vertex from Q. A weak partition of a set X 
is a collection of pairwise disjoint subsets of X whose union is X. We emphasize that, in contrast to a 
partition, members of a weak partition are allowed to be empty. The subgraph induced by a subset S of 
V(G) is denoted by (S'). A matching in G is any (possibly empty) set of independent edges. If r is a 
positive integer, then the vertex set of each of the graphs P r , K r , and C r (if r > 2) will be the interval [r] 
defined by [r] = {1 ,..., r}. 

Since this present work concerns total domination on Cartesian products, we include several of the 
important definitions here for the sake of completeness. We say that a vertex x of G dominates a vertex 
y (equivalently, y is dominated by x ) if y £ N(x). A subset D of V(G) is a total dominating set of G 
if each vertex in G is dominated by at least one vertex in D. The total domination number of a graph 
G is the minimum cardinality of a total dominating set of G and is denoted by 7 t (G). The Cartesian 
product, G □ H, of graphs G and IT is a graph with V(G □ H) = V(G) x V(H). Two vertices ( g , h) 
and (gh') are adjacent in G □ H whenever (gg 1 £ E(G) and h = h') or (g = g' and hh! £ E{H)). For 
a fixed h £ V(H) we call G h = {(g , h) £ V(G □ H) : g £ V(G)} a G-layer in G □ H. Similarly, an 
H-layer 9 H for a fixed g £ V (G) is defined as 9 H = {( g,h ) £ V{G □ H) : h £ V(H)}. Notice that the 
subgraph of GO H induced by a G-layer or an H -layer is isomorphic to G or H, respectively. The map 
PG ■ V(G □ H) —> V(G) defined by pg(( 5 > h)) = g is called a projection map onto G. Similarly, we 
define pn as the projection map onto H. Projections are defined as maps between vertices, but frequently 
it is more useful to see them as maps between graphs. 

A graph G is an efficient open domination graph (shortly an EOD-graph) if there exists a set D, called 
an efficient open dominating set (shortly an EOD-set), for which [J v&D N(v) = V{G ) and N(u) Cl 
N(v) = 0 for every pair a and v of distinct vertices of D. Note that two different vertices of an EOD-set 
are either adjacent or at distance at least three. It is easy to see that the path P n is an EOD-graph if and 
only if n ^ 1 (mod 4), while the cycle G„ is an EOD-graph if and only if n = 0 (mod 4). Let G and H 
be graphs such that G □ H is an EOD-graph with an EOD-set D. Note that the projection of an edge in 
(D) onto G is either a vertex or an edge. When the projection of every edge in (D) onto G is an edge, we 
say that D is a parallel EOD-set with respect to G. A Cartesian product that contains a parallel EOD-set 
with respect to one of its factors is called a parallel EOD-graph. 

Among the class of nontrivial Cartesian products several infinite families of EOD-graphs have been 
found. In Cowen et al. (2007); Klostermeyer and Goldwasser (2006) the authors investigated EOD-graphs 
among the grid graphs (that is, Cartesian products of paths). Results from both papers are merged in the 
following characterization. 

Theorem 2.1 Cowen et al. (2007); Klostermeyer and Goldwasser (2006) Let t > r > 3. The grid 
graph P r □ P t is an EOD-graph if and only if r is an even number and t = x (mod r + 1) for some 
x £ { 1 , r — 2 , r}. 
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Some partial results on EOD-graphs in the family of toms graphs (Cartesian products of cycles) were 
presented by Dejter (2008), by characterizing only those with a parallel EOD-set (there referred to as a 
parallel total perfect code). 

Theorem 2.2 Dejter (2008) The Cartesian product C, □ Ct has a parallel EOD-set if and only ifr and t 
are multiples of four. 

Kuziak et al. (2014b) recently continued with the study of EOD-graphs among tori and cylinders (Carte¬ 
sian product of a path and a cycle). 

Proposition 2.3 Kuziak et al. (2014b) Let t > 4. The torus C.\ □ Ct is an EOD-graph if and only ift = 0 
(mod 4). 

In addition, they proved that C r □ Ct is not an EOD-graph if r £ {3, 5, 6, 7} and t > r. Based on the 
above observations they posed the following conjecture. 

Conjecture 2.4 Kuziak et al. (2014b) Let r and t be integers such that r > 3 and t > 3. The torus 
C r □ Ct is an EOD-graph if and only ifr = 0 (mod 4) and t = 0 (mod 4). 

The same authors characterized the graphs G for which G □ if 2 is an EOD-graph. In order to do this 
they introduced the so-called zig-zag graphs, Kuziak et al. (2014b). Let G be a graph on at least three 
vertices and E' = {ei,..., e^} a subset of E(G), where et = UiVi for every i £ [At], with the following 
properties: 

(?) N(ui) O N(vi) = 0; 

(ii) daic, ej) > 2 for 1 < i < j < fc; 

(in) for every x £ V ( G ) — {ui, Vi : i £ [fc]} there exist unique j and t, j ^ l, such that d G (x, ej) = 
d G ( x,ef) = 1; 

(iv) for every sequence e, x ,..., e*. of distinct edges with j > 2 and with 
da(et , e,- ) = 2 for fell,...,)},? must be an even number. 

We call If a zig-zag set of G and, if there exists a zig-zag set in G, we call G a zig-zag graph. 

Theorem 2.5 Kuziak et al. (2014b) If G is a zig-zag graph, then G □ K > is an EOD-graph. 

Not all EOD-graphs among G □ K 2 are given by the above theorem. Kuziak et al. observed that for 
a description of all EOD-graphs among Cartesian products of graphs with K 2 , a certain combination of 
zig-zag graphs and 1-perfect graphs is needed (see Kuziak et al. (2014b) for details). 

One can observe that for r > 2, every EOD-set in G □ K r is a parallel EOD-set with respect to G. 
Namely, if an edge induced by two vertices of a vertex subset A of G □ K, projects to a single vertex 
g £ V(G), then the layer 9 K r contains a vertex that is dominated more than once by A. This observation 
led to the idea of how to approach the problem of finding EOD-graphs among G □ K, for r > 2. This is 
presented in the next section. 
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3 G □ K r for r > 2 

In order to obtain a characterization of EOD-graphs among G □ K r , r > 2, we introduce a new concept, 
based on a weak partition of the vertex set of G. As we will see in later sections, a modification of this 
concept can be used for the construction of EOD-graphs that are Cartesian products GO H where H 
belongs to several other special classes of graphs. 

Let r be an integer larger than 1. We call a graph G a K r -amenable graph if there exists a weak partition 
{Vq, Vi,..., V r } of C(G), such that 


(A) if a; € C 0 , then | N(x) 0 C| = 1 for every i G [r], 

(B) (Vj) is a matching in G for every i G [r], 

(C) (Cl U • • • U V r ) is a matching in G. 

For the sake of clarity in the above definition we emphasize that the induced subgraphs (C) and 
(Cl U • • • U V r ) do not contain any edges other than those in their perfect matchings. 

We first prove that /^-amenable graphs do not differ from zig-zag graphs. 

Theorem 3.1 A graph G is a K 2 -amenable graph if and only if G is a zig-zag graph. 

Proof: Let G be a AVamenablc graph with a weak partition (Co, Cl, C 2 } of C(G) that satisfies conditions 
(A), (B) and (C). We will show that E' = (Cl U C 2 ) is a zig-zag set of G by demonstrating that conditions 
(?) — ( iv ) hold. Since (Cl U C 2 ), (Cl) and (C 2 ) are matchings, E' is a set of edges {ei,..., e*,}. By 
the same argument we derive that > 2 for i ^ j, and thus {if) holds. Let e* = UiVi for 

every i G [k], If x G N(uf) Cl N{vf for some i G [k], then x G Vq by the matching argument again. 
But this contradicts condition (A) since |JV(x) 0 C| > 2 in this case. Hence (?) also holds. If x G 
C(G) — {ui,Vi : i G [k]}, then x G Co. By (A) we have that \N(x) (~l C| = 1 for every i G {1,2}, 
which implies the existence of exactly two different edges e :l and et of E' with dc(x, ef) = dc(x, ef) = 
1. This proves (in). To prove (iv), let e»j, e» 2 ,..., e,,, j > 2, be a sequence of distinct edges with 
dn(ei , e, ) = 2 for £ G [ 7 I. In addition, let xt be a common neighbor of e , and e* 

’ l t+i (modi)' LJJ > c a o e l e+1 ( mod j) 

As before, ^ G Vo for every £ G [j]. Without loss of generality, suppose the end-vertices of the edge e n 
belong to Ci. By condition ( A) for the vertex x -\, the end-vertices of c, 2 belong to C 2 . The same argument 
for the vertex X 2 implies that the end-vertices of e l:t belong to Ci. Continuing this way, we get a zig-zag 
pattern for the end-vertices of , ej 2 ,..., e, ? . If j is an odd number, then the end-vertices of e, , and e. tj 
are both in Ci, which gives a contradiction with condition (A) for the vertex x 3 . Thus j is an even number 
and (iv) holds as well. 

Now let G be a zig-zag graph with a zig-zag set E' = {ei,..., } where e* = UiVi. We set Co = 

C(G) — {'«.;, Vi : i G [k]}. Observe that E' can be partitioned as E' = E\ U • • • U E t such that for each 
i G [f], the following holds. The set Ei is a maximal set of edges such that between any two distinct edges 
e 3 and e n from E, t there exists a sequence e ; = e JO , e n ,..., e 3t = e n , £ > 1, of distinct edges where the 
distance between two consecutive edges in this sequence is 2. Such a sequence is called a 2-step sequence 
of length i. 

Observe that there exists a partition of E' = E\ U • • • U E t , such that Ei, for every i G [t], consists of a 
maximal set of edges such that between any two distinct edges e 3 and e*, from Ei there exists a sequence 
e j = e jo , e ii, • • •, e u = e k, £ > 1, of distinct edges such that the distance between two consecutive edges 
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in this sequence is 2 (we call such sequence a 2-step sequence of length £). Now, in E, fix an arbitrary 
edge e. For an arbitrary edge / in E, there exists a 2-step sequence between e and /. Property (iv) 
implies that the lengths of all different 2-step sequences between e and / are of the same parity. Thus, 
edges of Ei can be partitioned into two sets Ef and Ef. The set Ef consists of e and all edges / for which 
the length of a 2-step sequence between e and / is even, and Ef = Ei — Ef. For every i £ [t] let V.f 
denote the set of end-vertices of edges in Ef, and Vf the set of end-vertices of edges in Ef. Finally, let 
Vi = Vf U • • • U Vf and V 2 = V? U • • • U V t 2 . 

We will show that {Vo, Vi, V 2 } is a weak partition of V(G) satisfying conditions (A), (B) and (C). 
Properties (B) and (C) clearly follow, since do(ei, ej) > 2 for every pair e r , ej £ S'. To prove (A) let 
x £ Vo- By (in) there exist exactly two different edges e p , e r £ E' such that da(x, e p ) = 1 = do(x, e r ). 
Note that e p and e r belong to the same E, in the partition of E'. Recall that we have fixed the edge 
e £ Ei. If a 2-step sequence between e and e p and a 2-step sequence between e and e r have the same 
parity, then we obtain a contradiction with (iv). Hence, end-vertices of one edge, say e p , belong to Vi, 
and end-vertices of e r belong to V 2 . Since, in addition, N(ui) fl N(vi) = 0, by (i) for every i we have 
|W(x) fl Vi| = 1 = | N(x) n V 2 \ and condition (A) holds. □ 

Theorem 3.2 Let r be a positive integer such that r > 2 and let G be a graph. The Cartesian product 
G □ K r is an EOD-graph if and only if G is a K r -amenable graph. 

Proof: Let G be a /\' r -amenable graph with corresponding weak partition {Hi,.... V r } of V(G). We 
define a subset D of V(G □ K r ) by D = {(g, i) : i £ [r] and cj £ Vi}. It follows that D contains at most 
one vertex from each A', -layer. To prove that G □ K r is an EOD-graph we will show that every vertex 
of G □ K r is dominated by exactly one vertex of D. Let i £ [r] and let g £ V(G). First, assume that 
g £ V o- By (A), the vertex g has a unique neighbor Xi in V- Consequently, (g,i) is adjacent to (xi,i) 
and (xi, i) £ D. Moreover, by the uniqueness of Xi, no other vertex of D dominates ( g , i). Now assume 
that g £ Vi. Since (Vi) is a perfect matching, g has a unique neighbor g' in V. It follows that (g 1 , i) £ D 
and that (g',i) is the only neighbor of (g,i) in D. Finally, assume that g £ Vj for some j £ [r] such 
that j ^ i. By the definition of D this implies that { (g, j )} = fin 9 K r . In addition, since (B) and (C) 
hold, (g, i) has no neighbor in G l Cl D. The result is that ( g , i) is dominated by exactly one vertex, namely 
(g, j), of D. Consequently, D is an EOD-set of G □ K r and G □ K r is an EOD-graph. 

To prove the converse, suppose that G □ K r is an EOD-graph with an EOD-set D. For i £ [r] let 
V, = {v £ V(G) : (v,i) £ D}, and let Vq = V(G) — (Vi U • • • U V r ). As we observed in Section 2, 
D is necessarily parallel with respect to G. This means that every ” K r contains at most one vertex of D, 
and we thus infer that {Vo, Vi,..., V r } is a weak partition of V ( G ). We prove that conditions (A), (B), 
and (C) of the definition of /v r -amenable hold. If condition (A) is not satisfied, then there exist x £ Vq 
and i £ [r], such that |iV(a:) 0 V,] = 0 or |AT(x) (T Vi \ > 1. In the first case (x,i) is not dominated by 
any vertex of D, and in the second case (x, i) is dominated by more than one vertex of D. Both cases 
are in contradiction with the assumption that D is an EOD-set of G □ K r . Hence, the weak partition 
{Vo, Vi,..., V r } satisfies property (A). Let i £ [?’] and let g £ V- Since |D 0 9 K r \ < 1 and (g, i) has 
exactly one neighbor in D, it follows that |iV(g) 0 (Vi U • • • U V r )\ = 1 = \N(g) D Vi\. Hence, both (B) 
and (C) hold. Therefore, G is a A' r -amenablc graph. □ 

Let r be an integer larger than 1. In the rest of this section we present a recursive description of the 
family of all /v r -amenable trees. The following construction generalizes the construction of zig-zag trees 
(that is, AVamenable trees) from Kuziak et al. (2014b). We will denote by Kf r the tree of order 2r + 1 
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obtained from the star K- l r by subdividing each edge exactly once. It is clear that Kf r is a A r -amenable 
tree, and the corresponding partition of V(K+ r ) is unique up to a permutation of [r]. We now define an 
infinite family 77 of trees. Each member of 77 will have a weak partition {Vo, Vi,..., V r } of its vertex 
set associated with it. 

Suppose that T' is a tree of order n such that { Vq , V {,..., V)'} is a weak partition of V (T') and that 
T" is a tree of order m such that {Vq , V ",..., V"} is a weak partition of V(T"). 

We say that a tree T of order n + m — 2 is obtained from T' and T" by a Type-a construction if T is 
isomorphic to the tree formed by choosing any i G [r], any edge u'u' in (V/), any edge u”v" in (V”) and 
then identifying the vertices it' with it" (now called uf) and v\ with v" (now called vf) to obtain the edge 
UiVi in T. The associated weak partition {Vo, Vi,, V r } of V ( T ) is defined by Vj = Vj U Vj' if j i, 
and Vi = (V/ U V,j' U {u, : , «»})-{<> v[,i t", <}. 

A tree S of order n + m is obtained from T' and T" by a Type-b construction if S is isomorphic to the 
tree formed from the union of T' and T" by adding an edge xy for some x G Vj and some y G V' (l ". The 
associated weak partition {Vo, Vi,..., V r } of V ( S ) is given by Vi = Vj U V” for 0 < i < r. 

The family 77 is defined recursively as follows. A tree T belongs to 77 if and only if T = Kjf r with its 
partition as indicated above or T can be obtained from smaller trees in 77 by a finite sequence of Type-a 
or Type-b constructions. 

Theorem 3.3 Let r be an integer such that r > 2. The path of order 2 is K r -amenable. IfT is a tree of 
order more than 2, then T is a K r -amenable graph if and only ifT G 77- 

Proof: Let r be an integer such that r > 2. For the path of order 2, let Vi = V{Pf), Vo = 0 = Vi for 
2 < i < r. This weak partition {Vo, Vi,..., V r } satisfies the definition showing that P 2 is a /v r -amenablc 
graph. For the remainder of this proof we assume that all trees under consideration have order at least 3. 
As noted above, the tree Kj r is a A r -amenable tree. One can conclude directly from the definitions that 
if T' and T" are both Ar-amenable trees, then a tree obtained from T' and T" by a Type-a or a Type-b 
construction is also a AVamenable graph. Thus, it follows by induction (on the number of Type-a and 
Type-b constructions) that every member of 77 is a AVamenable graph. 

Conversely, let T be a TVamenable tree of order at least 3 with a corresponding weak partition 
{Vo, Vi,..., V r } and let k = |Vo|. Since T has order at least 3, it follows from the definition that k > 1. 
We use induction on k to show that T G 77- Let k = 1 and Vo = {v}. By property (A) deg(i>) = r; 
let N(v) = {iti,..., u r } where u,; G V. By (B) every Ui has a unique neighbor Wi in Vj and by (C) u,; 
and Wi have no neighbors in Vj for j f i. Moreover, it,; and w, have no additional neighbors in Vo since 
k = 1. Thus, T is isomorphic to K+ r and hence T G 77- 

Now suppose that k > 1. Note that every vertex in Vo has degree at least r. If there exists v G Vo with 
deg(i>) > r, then there exists w G Vo fl N(v). Let T' be the component of T — vw that contains v and let 
T" be the component that contains w. For 0 < i < r, let V( = V7 fl V(T 1 ) and let V" = V Cl V ( T"). The 
resulting weak partitions of V(T') and V{T") clearly satisfy properties (A), (B) and (C), and furthermore 
| Vq | < k and |Vq'| < k. By the induction hypothesis both T' and T" belong to 77- Since T is obtained 
from T' and T" by a Type-b construction, it follows that T G 77- 

Now, suppose that all vertices of Vo are of degree r (and hence (Vo) contains no edges). Choose u and v 
from Vo with the property that dr(u, v ) is minimum among all different pairs of vertices from Vo- Clearly, 
2 < dr{u , v) < 3. Let w be the neighbor of u on the shortest u, u-path in T. Without loss of generality 
we may assume that w G V). By (B), w has a unique neighbor, say w', in V7. The forest T — uw has two 
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connected components. The component that contains u is denoted by T u and the one that contains v is 
denoted by T". Let T' be the tree obtained from T u by adding vertices l and t' and adding edges ut and 
tt’. Let V" = Vi n V(T") for 0 < i < r, let V[ = (Vi n V(T U )) U {t , t'}, and let V/ = V t n V(T U ) for 
i = 0 and 2 < i < r. Properties (A), (B) and (C) clearly hold for the above defined weak partitions of 
V ( T ') and V(T"). Thus, T' and T" are /\ r -amenable trees. By the induction hypothesis, they are also in 
T r - Note that T is isomorphic to the tree obtained from T’ and T" by a Type-a construction that identifies 
t with w, and if with w'. Consequently, T £ T r . LI 

This theorem together with Theorem 3.2 combine to give us the following characterization of those 
trees T such that T □ K r is an EOD-graph for r > 3. 

Corollary 3.4 Let r be a positive integer larger than 2 and let T be a tree. The Cartesian product T □ K r 
is an EOD-graph if and only ifT = P 2 or T £ T r . 

4 G □ H with diam(i7) = 2 

In this section we consider Cartesian products of graphs where (at least) one factor has diameter 2. Moti¬ 
vation for the study of such graphs arises from the previous section. An EOD-set of GO H that is parallel 
with respect to G when diam(if) = 2 shares an important property with such a set in G □ K r for r > 3. 
This is given in the following lemma. 

Lemma 4.1 Let H be a graph of diameter 2 and let G be a graph such that G □ H has an EOD-set D. 
For every vertex g in G, \D Cl 9 H\ < 2. If in addition D is parallel with respect to G, then \D Cl 9 H\ < 1 
for every g £ V(G). If\DC\ 9 H\ = 2, then the two distinct vertices in D n 9 H are adjacent. 

Proof: Assume that D is an EOD-set of GO H and suppose that (g, u) and (g, v) are distinct vertices in 
D. The graph H has diameter 2, and this implies that uv £ E(H) or u and v have a common neighbor 
w in H. Since every vertex in 9 H is dominated exactly once by D, we infer that (g, u) and (g, v) are 
adjacent, and |D n 9 H\ < 2. It follows immediately that if D is parallel with respect to G, then no 
fT-layer can contain two members of D. □ □ 

As we will see, finding an appropriate weak partition of vertices in G will be useful in the characteri¬ 
zation of (parallel) EOD-graphs among Cartesian products G □ H where diam(/7) = 2. First we show 
that the Cartesian product of a graph of diameter 2 and a tree on at least three vertices does not admit a 
parallel EOD-set with respect to the tree. 

Theorem 4.2 Let H be a graph with diam(TT) = 2 and let T be a tree. IfT is different than K 2 , then 
T □ H does not contain a parallel EOD-set with respect to T. 

Proof: Let H be a graph with diam(Lf) = 2. Suppose, in order to obtain a contradiction, that there exists 
a tree T different than K 2 , such that TO H admits a parallel EOD-set D with respect to T. 

First, we claim that T h C\D = 0 for every non-universal vertex h in H. If this does not hold, then there 
exist vertices (u 0 , h), (i>o, h) £ D which are adjacent in TO H. Since h is not universal in H , there is 
h' £ V{H) such that dn(h, h') = 2. Observe that (uo, h') and (r>o, h!) are not dominated by (u 0 , h) and 
(vo, h). Moreover, they are not dominated by any vertex in U °H and V °H (since diam (H) = 2 we have 
that \ X H Cl D\ < 1 for every x £ V (T) by Lemma 4.1). Therefore, there exists a neighbor ui of uq and a 
neighbor v± of vq, such that (u 0 , h!) is dominated by (m, h') £ D and (uq, h') is dominated by (iq, hf) £ 
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D. Moreover, since (u\, h'), ( v\,h') £ D, there exist ( 112 , h’), ( V 2 , h') £ D, where U 2 U 1 , U 2 U 1 £ E{T). 
To dominate vertices ( 112 , h) and ( 112 , h ), there must exist (U 3 , h), (i> 3 , h) £ D where U 3 U 2 , V 3 V 2 £ E{T). 
Continuing in this way we obtain a two-way infinite walk ... U 2 U 1 U 0 V 0 V 1 V 2 ... in T. Since T is a tree, all 
vertices of this walk are pairwise different. But this is in contradiction with T being finite, and the claim 
is proved. 

We infer that H has to contain universal vertices and that the projection of every edge in (D) onto H is 
a universal vertex. Now, let h be a universal vertex of H , such that T h CiD 0 and let ( u, h), ( v , h) £ D 
be adjacent vertices. Together they dominate all vertices of U H and ' //. There also exists a non-universal 
vertex h 1 in H because diam(TT) = 2. Since T is different than K 2 , at least one of u and v, say it, 
has a neighbor w in T. Note that (w, h) is dominated by (tt, h), and (w, h’) is not dominated by ( u, h) 
nor ( v , h). Since T h IT D = 0, there exists another universal vertex h\ £ V{H), such that (w, h’) is 
dominated by ( w, hi) £ D. This yields a final contradiction, since (w, h) is dominated by both (it, h) and 
(w, hi) from D, which is not possible in an EOD-set D. □ 

4.1 G □ K m n 

In this subsection we give a necessary and sufficient condition on a graph G such that G □ K m n is an 
EOD-graph for 1 < m < n. The condition will be the existence of a weak partition of V ( G ) that satisfies 
very specific requirements. While it may not be easy to determine whether a given graph G has such a 
weak partition, the requirements of the weak partition will make it straightforward to construct graphs G 
such that G □ K m , n is an EOD-graph. 

Since K rn<n has diameter 2 and we are not requiring the EOD-set of G □ K rn n to be parallel with 
respect to G, we will refer often to Lemma 4.1. For ease of explanation we assume throughout this 
subsection that 1 < m < n and that n has partite sets A and B given by A = {1,... ,m} and 
B = {m + 1,..., to + n}. With this notation we let C m>n be a weak partition of V(G) containing 
mn + to + n + 1 parts indexed as follows: 

* bo, Ll ,..., Im > V m jt-i ,..., Vm-|-n, and 

• Vu. rrl+] ] for 1 < i < to and 1 < j < n. 

We will say that C rn /n is K rn n -amenable if it is a weak partition satisfying the following conditions. 

(I) For 1 < i < m + n, the induced subgraph {Vi) is a matching. 

(II) For 1 < i < m and m + 1 < j < m + n, {Vi U Vj) is a matching. 

(III) For I < i < -j < m or m + 1 < i < j < m + n, each x in V, has exactly one neighbor in V :l and 
each y in l-j has exactly one neighbor in V t . 

(IV) If a: € Vjj, TO +j] for some 1 < i < m and some 1 < j < n, then N(x) C Vo- 

(V) If x € Vo, then \N(x) T (u 1 < j <„ V [i>m+j[ U V) \ = 1 for 1 < i < to, and 
\N(x) T (Ui<i< m V[ <irn+jl U V m+j ) | = 1 for 1 < j < n. 

A graph G will be called K rrhn -amenable if V{G) has a weak partition that is /v mj „-amenable. 
With this definition we are now able to give a constructive characterization of those graphs G such that 
G □ K m) n is an EOD-graph. 
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Theorem 4.3 Let in and n be positive integers such that m < n and let G be a graph. The Cartesian 
product G □ K m , n is an EOD-graph if and only if G is K mn -amenable. 

Proof: Assume that G is /C m . T ,-amenable and that C m>n is a weak partition of V ( G ) indexed as above 
and satisfying the conditions (I)-(V) in the definition above. We define a subset D of V (G □ K m ,n ) by 
specifying its intersection with each /f TO n -layer. If r is an integer such that 1 < r < m + n and g £ V r , 
then D 0 9 K mtn = {(<?, r*)}- If r and s are integers with 1 < r < m and 1 < s < n such that 
g € Vj r ,m+s\i then D D 9 K m}n = {( g,r ), ( g,m + s)}. Finally, if g £ Vo, then D n 9 K m ^ n = 0. Since 
C m , n is a weak partition, the set D is well-defined. We now show that D is an EOD-set of G □ K m ,n by 
showing that each vertex of G □ K rn n has exactly one neighbor in D. 

Let (x, t) be an arbitrary vertex in G □ K m ^ n . Assume x £ Vo- Suppose first that 1 < t < m. By (V) 
there exists y £ V(G) such that {y} = N(x) 0 (Ui<j< n Vj t . m+7 ] U V t ). This implies that (y,t) £ D 
and that (y, t) dominates (x, t). Furthermore, it follows from (V) and D H x K. mtn = 0 that (y, t) is the 
only neighbor of (x, t) that belongs to D. The case m + 1 < t < m + n is similar. Assume next that 
x £ V[r,m+s for some r and s such that 1 < r < m and 1 < s < n. By the definition of D we get 
that both (x, r ) and (x, m + s) belong to D. Exactly one of these is adjacent to (x, t). Combining this 
with property (IV) it follows that (x, t) has exactly one neighbor in D. Finally, assume that x £ V r for 
some r with 1 < r < m. (The case m + 1 < r < m + n is similar.) This means that (x, r) £ D and 
|-Dn x K rn n \ = 1. There are three subcases to consider, namely (i) m+1 < t < m+n, (ii) t = r, and (iii) 
t ^ r but 1 < t < m. If m + 1 < t < m + n, then (x, r) dominates (x, t) (from within the layer a TC m>n ). 
From (I), (II) and (IV) we see that (x, t) is not adjacent to any vertex in D n G t . Thus, in subcase (i) (x, t) 
has a unique neighbor in D. Assume that t = r. By (I) there is a unique y £ V r (~l N(x). By definition 
(y, r) £ D and thus (x, r) is dominated by D. Properties (I) and (IV) together imply that (x, t) has no 
other neighbor in D. Finally, assume subcase (iii) holds. By (III) there exists a unique z £ V t Cl N(x). 
Now (z,t) £ D and (x, t) is dominated by (z,t). Consequently, by (IV) it follows that ( z,t ) is the only 
vertex in D that dominates (x, t). We have shown that D is an EOD-set of G □ K rn , n . 

Conversely, suppose that S is an EOD-set of G □ Since /f m r , has diameter 2, we apply 

Lemma 4.1 and conclude that 15 0 9 Km, n \ < 2 for every vertex g in G. We produce a weak parti¬ 
tion C of V (G) as follows. The sets in C are those in the following specifications. Note that some of these 
subsets might be empty. 

. Co = {x £ V(G) : S n x K m , n = 0}, 

• Vi = {x € V{G) : S fl x Krn, n = {(x, *)}} for 1 < i < m + n, 

• Vjj )Tn+ j] = {x £ V (G) : S fl x K m>n = {(x, *), (x, m + j)}} for 1 < i < m and 1 < j < n. 

The verification that C is /v m n -amenable (that is, it satisfies properties (I)-(V)) follows directly from 
the assumption that S is an EOD-set of G □ K rn n and is left to the reader. □ 

The graph G in Figure 1 was constructed to have a weak partition that is 7 \ 2 , 3 -amenable. The partite 
sets of I\ 2,3 are as in the development above, A = {1, 2} and B = {3,4, 5}. For simplicity the vertices 
of G are labeled to indicate the subset of the weak partition that contains them. For example, the vertices 
labeled 1 are in V\ while the vertex labeled [2,5] is the only member of 1 ^ 2 , 5 ]- By Theorem 4.3 the 
Cartesian product G □ A 2,3 is an EOD-graph. 
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Fig. 1: A A' 2 , 3 -amenable graph G 


4.2 G □ C r , r e { 4 , 5 } 

In this subsection we first define a type of weak partition of V ( G ) that will enable us to characterize 
those Cartesian products G □ C 5 that are parallel EOD-graphs with respect to G. To describe these weak 
partitions we need to modify Condition (C) as it was stated in Section 3 and add an additional condition. 
The operations on the subscripts in these new conditions are made modulo 5. 

(C') (Vi U Vi- pi) is a matching in G for every i € [5], 

(D) if x € Vi, then \N(x) (T V+ 2 I = 1 and \N(x) Cl V- 2 I = 1 for every i € [5]. 

Notice that the condition (C') is weaker than (C). We say that G is C^-parallel amenable if there exists 
a weak partition {Vo, Vi, V 2 , V 3 , V 4 , V$} of V ( G ) that satisfies conditions (A), (B), (C') and fD). 

Theorem 4.4 For any graph G, the Cartesian product G □ C 5 is a parallel EOD-graph with respect to 
G if and only if G is a C^-parallel amenable graph. 

Proof: Assume first that G is a C 5 -parallel amenable graph and let {Vo, V’i , V 2 , If. If. V 5 } be a weak 
partition of V(G) that satisfies conditions (A), (B), (C') and fD). We define a subset D of V(G □ C 5 ) by 
D = {( g,i ) : g £ V, for i £ [5]}. Notice that | D n 9 C$\ = 1 for every g £ V(G) — Vb- We will show 
that every vertex of G □ C 5 is dominated by exactly one vertex of D. Let (g, j) be an arbitrary vertex of 

GUC B . 

Assume first that g £ Vi for some i £ [5]. If j £ {i — l,i + 1}, then (g,j) is dominated by (g,i). 
Moreover, (g, j) is dominated only by ( g, i) in D, since (g, i ) is the only vertex in D Cl 9 C§ and (B) and 
(CO hold. If j = i, then (g,j) is dominated by (</, i), where gg' is an edge in (Vi) (notice that g' exists 
by (B)). Note that (g,j) is dominated only by (g',i) from D by (B) and the fact that |D IT 9 C$\ = 1. 
It remains to consider j = i + 2 and j = i — 2. Assume j = i + 2; the case j = i — 2 is similar. 
By condition (D), g has a unique neighbor Xi +2 € V+ 2 - By definition (xi+ 2 ,i + 2) £ D, and thus 
(xi+ 2 , i + 2) dominates ( g,j). As before, since |D T 9 C B \ = 1 and since condition (D) holds, it follows 
that (xi+ 2 , i + 2) is the only vertex of D that dominates (g,j). Hence, if g £ Vi for some i £ [5], then 
(g,j) is dominated exactly once by D. Finally, assume that g £ To. By condition (A), g has a unique 
neighbor Xj £ Vj. This implies that (xj,j) £ D and that (xj,j) is the only vertex in D that dominates 
(g,j). Consequently, D is a parallel EOD-set of G □ C5. 
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Conversely, let G □ C 5 be a parallel EOD-graph and let I) be a parallel EOD-set with respect to G. Let 
Vo, Vi, V 2 , V 3 , V 4 , V 5 be subsets of V ( G ) defined as follows. If |D Cl 9 Cs| = 0, then g £ Vq. For i £ [5], 
g £ Vi if and only if {( g, i)} = D C I 9 Cs. By Lemma 4.1, |D T 9 Cs\ < 1 for every g £ V(G), and thus 
{Vo, Vi, V 2 , V 3 , V 4 , V 5 } is a weak partition of V ( G ). Note that only Vo can be empty. 

We will show that this weak partition satisfies conditions (A), (B), (C'j and (D). If (A) does not hold, 
then there exists a vertex (g,i) where |D fl 9 Cs | = 0 and either \N(g) Cl Vf\ = 0 or |1V(<?) fl V)| > 1 for 
some i £ [5], In the first case (g, i ) is not dominated by D and in the second case ( g , i) is dominated by at 
least two vertices, both contradicting the fact that D is a parallel EOD-set. Thus, (A) holds. If (B) is not 
satisfied, then there exists g £ Vi, for some i £ [5], such that either deg^y.^(g) = 0 or deg^y.^) > 1, 
which yields exactly the same contradiction as for (A). Hence, (B) is true as well. If (O') does not hold, 
then there exist g £ Vi and g' £ Vj+i for some i £ [5], such that gg' £ E(G). We infer that (g , i + 1) is 
dominated twice, that is by ( g , i ) and by (</, i + 1), which is not possible. Finally, if (D) does not hold, 
then for some i £ [5], there exists x £ V, such that |iV(at) 0 V+ 2 I 1 or |_/V(x) fl V- 2 I ^ 1- Again we 
get that some vertex is not dominated by D fif | N(x) IT V+ 2 1 = 0 = | N(x) T Vi- 2 1) or that some vertex 
is dominated more than once by D (if \N(x) T Vj+ 2 | > 1 or |iV(a:) T V— 2 \ > 1), which is not possible. 
This shows that (D) is also true, which completes the proof. □ 

While the complete characterization of EOD Cartesian products where one factor is C 4 = I\ 2,2 was 
given in Subsection 4.1, here we describe all G such that G □ C 4 is a parallel EOD-graph with respect to 
G. For C\ notice that computations on the subscripts are done modulo 4 in the set [4], and in this case 
i + 2 = i — 2. Thus, we can restate condition (D) as 

(D') if x £ Vi, then | N(x) T Vi + 2 | = 1 for every i £ [4], 

We say that G is ^-parallel amenable if there exists a weak partition {Vo, Vi, V 2 , V 3 , V 4 } of V (G) that 
fulfills conditions (A), (B), (C') and (D'). The proof of the following theorem follows the same lines as 
the proof of Theorem 4.4 if we take into consideration computation modulo 4 instead of modulo 5. 

Theorem 4.5 For any graph G, the Cartesian product G □ C 4 is a parallel EOD-graph with respect to 
G if and only if G is a C 4 -parallel amenable graph. 

For r £ {4, 5} there exist many graphs G which are not C r -parallel amenable, but for which G □ C 4 
is an EOD-graph (clearly G □ C 4 is not a parallel EOD-graph with respect to G in this case). One of the 
smallest examples is P3, which is not Cr-parallel amenable, but P3 □ C 4 is an EOD-graph, even a parallel 
EOD-graph with respect to C 4 . 

5 Conclusion 

As already mentioned, this method of defining weak partitions is most easily implemented when one of 
the graphs has small diameter. Despite this fact, there is no reason why one should not use it on graphs 
with larger diameter. We illustrate this idea on a special case from the class of cycles. 

Our goal is to define a weak partition of a graph G that consists of Vo and a family of sets Va where A 
is a subset of [k] with certain properties. We derive these properties from the second graph in the product, 
which is Cfc now. Again we have two possibilities for an edge from (D), where D is an EOD-set of 
G □ Ck : either it projects to 6 ). as an edge or as a vertex. If it projects to an edge in C),, then A must 
contain two consecutive elements 1 and i+ 1. If an edge projects to a single vertex j £ V(Ck), then j £ A 
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but neither j + 1 nor j — 1 is in A. Moreover, two non-consecutive elements of A must differ by at least 
3 modulo k, so that no vertex in the product is dominated more than once. 


0 


[4,5] 



[ 1 . 2 ] 


Fig. 2: A “Ce -amenable” graph G 
In particular, for C& we obtain the following weak partition: 

Vo, Vi,V 2 , V 3 , V 4 ,, V 5 , V 6 , % 2 ], V [ 2 , 3 ], v [3>4 ] , V [4 , 5] , v m , V [6il] , V [1A] , V [ 2 , 5 ], v m . 

Clearly the size of the weak partition increases with k. Together with this weak partition, several condi¬ 
tions are needed as well. For instance we need a condition similar to (A) and (V) to care about all vertices 
from Vo. As in the case of A'^.a-amenable graphs, it seems to be hard to decide whether a graph G is 
a “Cfc-amenable” graph. However, it is not difficult to construct (small) examples of such graphs. An 
example of a “CVamenable” graph is given in Figure 2. The labeling follows the prescription given for 
Figure 1. 
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